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Abstract

This paper presents a work on the phase lag (f) between vortex sheddings from two tandem cylinders of various

shapes and its influence on fluctuating lift on the upstream cylinder. A differential equation of f, df ¼ [4pfs/

(2Vc�dVc)] dx, is derived, where fs is the vortex shedding frequency, Vc is the convective velocity of vortices, and x is the

downstream distance from the upstream cylinder. Applying the condition f ¼ 2p at L� ¼ L�c , as obtained from

experimental data, the equation yields f ¼ 2.44p St(L� � L�c )+2p, where St is the Strouhal number, L� is the

normalized cylinder center-to-center spacing and L�c is the critical spacing defined as the minimum L� at which the

upstream cylinder could shed vortices in the gap between the cylinders. This relationship agrees well with experimental

data previously reported as well as presently measured.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Two cylinders in proximity do not shed vortices independently; for a given center-to-center spacing L�, there is a

definitive phase lag (f) between vortex shedding from one cylinder and that from the other (Sakamoto et al., 1987;

Alam et al., 2003). In this paper, an asterisk denotes normalization by the cylinder characteristic dimension, d. This

phase lag information is useful since f may have a profound influence upon forces on the cylinders (Alam et al., 2006).

Flow around two tandem circular cylinders may be classified into three regimes based on center-to-center spacing L�

(Zdravkovich, 1987): (i) an extended-body regime, where L� ranges from 1 to 1.5 and the two cylinders are so close

to each other that the free shear layers separated from the upstream cylinder overshoot the downstream one;

(ii) a reattachment regime, where L� is between 1.5 and 4 (¼ L�c ), and the shear layers reattach on the downstream

cylinder; (iii) a co-shedding regime, where L�XL�c and the shear layers roll up alternately, forming a vortex street in the

gap between as well as behind the cylinders. In the co-shedding regime, the frequency of vortex shedding from one

cylinder is identical to that from the other (Xu and Zhou, 2004; Alam and Sakamoto, 2005; Zhou and Yiu, 2006).

Vortex shedding from the downstream cylinder is triggered by the arrival of vortices generated by the upstream cylinder

(Papaioannou et al., 2006). Naturally, f is dependent on the Strouhal number (St ¼ fsd/UN, where fs is the vortex

shedding frequency and UN is the free-stream velocity) and the convection velocity of upstream-cylinder-generated
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Case 1: circular cylinders

Case 2: circular cylinders with a 
T-shaped plate, S/d = 0.50
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Fig. 1. Cases studied previously and presently. Case 1, Re ¼ 6.5� 104 (Alam et al., 2003, 2006); Cases 2 and 3, Re ¼ 6.5� 104 (Alam et

al., 2006); Case 4, Re ¼ 5.6� 104 (Sakamoto et al., 1987); Cases 5 and 6, Re ¼ 4.7� 104 and 5.5� 104 (based on the upstream cylinder

dimension), respectively. Flow is from left to right.
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vortices as well as L�. Previous experimental data (e.g., Sakata and Kiya, 1983; Sakamoto et al., 1987; Alam et al.,

2003, 2006) showed that, in the case of two tandem cylinders, f varies linearly with increasing L�.

However, the relationship between f and the frequency and convection velocity of upstream-cylinder-generated

vortices has not been established. Furthermore, the possible correlation between f and forces on cylinders has not

previously been addressed.

In this study, an empirical correlation between f, St and L� is proposed based on experimental data

measured presently and those in the literature. A theoretical analysis is also conducted; the derived relationship

of f, St and L� is in excellent agreement with the empirical correlation. Furthermore, correlation between

fluctuating (r.m.s.) lift C0L and f is discussed. Experimental results of six cases shown in Fig. 1 are analyzed.

Case 1 is two plain circular cylinders (Alam et al., 2003, 2006). Cases 2 and 3 are two circular cylinders with a

T-shaped plate placed upstream of the upstream cylinder (Alam et al., 2006). The head width of the T-shaped

plate is 5mm when the cylinder diameter is 49mm. The presence of the T-shaped plate modifies the vortex

shedding frequency of the upstream cylinder. Case 4 is two plain square cylinders of a characteristic height d ¼ 42mm

(Sakamoto et al., 1987). Cases 5 and 6 are a combination of square and circular cylinders of d ¼ 42 and 49mm,

respectively.
2. Experimental details

The quantities C0L, St and f for Cases 1–3 were measured by Alam et al. (2003, 2006) and those for

Case 4 by Sakamoto et al. (1987). The wind tunnels used were introduced in the relevant papers. The fluctuating

lift coefficient C0L was measured, using load cells, over a length of about 1d at mid-span of the cylinders. The load

cells and C0L measurement were detailed in Alam et al. (2006), Sakamoto et al. (1987), Sakamoto and Oiwake (1984)

and Sakamoto et al. (1994). St was estimated from the power spectral analysis of fluctuating lift forces on the cylinders.

For Cases 5 and 6, St was measured by Alam and Sakamoto (2005), and f was presently estimated from the
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cross-correlation between the simultaneously measured fluctuating lift forces of the upstream cylinder, LfU, and the

downstream cylinder, LfD,

RLfU LfD
ðfÞ ¼

fLfU ðtÞgfLfDðtþ fÞg

½fLfU ðtÞg
2�1=2½fLfDðtþ fÞg2�1=2

, (1)

where t is time. For Cases 1–4, f was estimated following the same procedure. Note that f was calculated only for

L�XL�c (the co-shedding regime) for all cases; for L�oL�c the upstream cylinder does not shed vortices and hence f is

not well defined. L�c was decided from the jump in both time-averaged and fluctuating fluid forces on the cylinders. The

increment DL� of L� in the measurement of forces was of about 0.5, implying a maximum possible error of70.25 in L�c .

For the present cases, experiments were conducted in a closed-circuit wind tunnel. Details of the wind tunnel for the

presently measured f were given in Alam and Sakamoto (2005). In order to check the spanwise uniformity and

separation of the flow on the circular cylinders, circumferential time-averaged and fluctuating pressures on the surface

of an isolated cylinder were measured at sections z ¼ 0 (mid-section), 735 and 780mm. St from the fluctuating

pressure at these sections was also estimated. The results showed that the time-averaged and fluctuating pressure

distributions as well as St at the five different sections were the same, confirming a parallel vortex shedding from the

cylinder (Williamson, 1989, 1996).
3. Experimental results

3.1. Correlation between fluctuating lift C0L and phase lag f

Fig. 2 presents the variations of f for the six cases, either collected from the literature or presently examined. Note

that in the co-shedding regime vortex shedding from the downstream cylinder is identical to that from the upstream

cylinder for all cases (Sakamoto et al., 1987; Alam et al., 2003, 2006), including Cases 5 and 6, where the upstream and

downstream cylinders are different (Alam and Sakamoto, 2005). The values of St for Cases 1–6 are approximately 0.2,

0.225, 0.237, 0.13, 0.12 and 0.18, respectively; St was calculated based on the characteristic height of the upstream

cylinder. Interestingly, these values always approach the dimensionless frequencies of vortex shedding from the
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Fig. 2. Phase lag between fluctuating lift forces on the two cylinders: (K) Case 1, Re ¼ 6.5� 104 (Alam et al., 2003, 2006); (m) Case 2,

Re ¼ 6.5� 104 (Alam et al., 2006); (.) Case 3, Re ¼ 6.5� 104 (Alam et al., 2006); (’) Case 4, Re ¼ 5.6� 104 (Sakamoto et al., 1987);

(&) Case 5, Re ¼ 4.7� 104 (present); and (J) Case 6, Re ¼ 5.5� 104 (present). In the literature cited here, L� was defined as the gap

spacing between the cylinders, as opposed to center-to-center spacing adopted presently.
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upstream cylinder if the downstream cylinder is removed. For Cases 2 and 3, the placement of the T-shaped plate

modifies St of the upstream cylinder to 0.225 and 0.237, respectively. The observation reinforces previous reports

(Sakamoto et al., 1987; Alam and Sakamoto, 2005; Papaioannou et al., 2006) that vortex shedding from the

downstream cylinder is triggered by the arrival of upstream-cylinder-generated vortices. The f versus L� relationship is

linear for all cases (see Fig. 2).

Fig. 3 presents a collection of C0L values on the upstream cylinder (circular) versus L� from the literature. It is evident

that C0L is highly dependent on L� and hence on f in view of the linear f versus L� relationship (Fig. 2). A concurrent

plot of C0L and f (Fig. 4(a)) is given for representative Case 3. The maximum and minimum of C0L occur at f ¼ 2np
and (2n+1)p, respectively (n ¼ 1, 2, 3, y), which correspond to the in-phase and out-of-phase vortex shedding from

the two cylinders. In the in-phase mode (Fig. 4(b)), that is, for vortices shed simultaneously from the same side of the

two cylinders, shear layer separation from the downstream cylinder may act to accelerate that from the upstream

cylinder, thus producing greater C0L values for the upstream cylinder. On the other hand, in the out-of-phase mode

(Fig. 4(c)) when vortices are shed simultaneously from the opposite sides of the two cylinders, the shear layer separation

from the downstream cylinder may tend to induce the same-side shear layer separation from the upstream cylinder,

which may act to slow down shear layer separation from the opposite side of the upstream cylinder. As a result, C0L is a
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Fig. 3. Effect of L� on fluctuating lift force on (a) the upstream cylinder, (b) the downstream cylinder: (J) Case 1; (W) Case 2; and

(X) Case 3. Data are from Alam et al. (2006).
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Fig. 4. (a) Effect of the phase lag f (between fluctuating lift forces on the two cylinders) on C0L of the upstream cylinder (Case 3); from

Alam et al. (2006). (b) In-phase flow pattern at L� ¼ 3 and 5.75 that corresponds to a maximum C0L. (c) Out-of-phase flow pattern at

L� ¼ 4:25 and 7.75 that corresponds to a minimum C0L. The overall uncertainties in C0L and f were 72% and 73%, respectively.
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minimum. Sakamoto et al. (1987) observed for Case 4 a higher C0L at L� ¼ 4, where f was 2p. The variation of C0L with

changing L� appears sinusoidal, though its maximum or minimum value shrinks with increasing L�, that is, the effect of

f on C0L decreases. It may be concluded that f is directly linked to C0L.

For two tandem bluff bodies of any cross-section, there is an L�c which depends on the body cross-section (Alam and

Sakamoto, 2005; Alam et al., 2006), Re (Xu and Zhou, 2004), and turbulent intensity (Sakamoto and Haniu, 1988). At

L�c , f is approximately 2p (Sakata and Kiya, 1983; Sakamoto et al., 1987; Alam et al., 2003, 2006), irrespective of bluff

body shape. For example, in Cases 1–6, L�c was identified as 4, 3, 3, 4, 2.5, and 3.5, respectively, and the corresponding

value of f was about 2p (refer to Fig. 2).

3.2. Correlation between St, f and L�

The empirical correlation between L� and f could be obtained from curve-fits to data presented in Fig. 2 (see also the

relevant literature for Cases 1–4), viz.

f ¼ 0:50pL� þ 0:34p ðL�X4Þ ½Case 1�, (2a)

f ¼ 0:56pL� þ 0:46p ðL�X3Þ ½Case 2�, (2b)

f ¼ 0:58pL� þ 0:57p ðL�X3Þ ½Case 3�, (2c)

f ¼ 0:33pL� þ 0:65p ðL�X4Þ ½Case 4�, (2d)

f ¼ 0:30pL� þ 1:25p ðL�X2:5Þ ½Case 5�, (2e)

f ¼ 0:45pL� þ 0:42p ðL�X3:5Þ ½Case 6�. (2f)
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Note that in the literature L� was defined as the gap spacing between the cylinders, as opposed to center-to-center

spacing adopted presently. The above relationships are valid for L�XL�c ¼ 4, 3, 3, 4, 2.5, and 3.5 for Cases 1–6,

respectively. Accordingly, the fluctuating lift on the upstream cylinder is very small. From Eq. (2), the slope df=dL� is

0.50p, 0.56p, 0.58p, 0.33p, 0.30p and 0.45p for the six cases, respectively. If we divide these slopes by the corresponding

St ¼ 0.2, 0.225, 0.237, 0.13, 0.12 and 0.18, for Cases 1–6, respectively, we get (df=dL�)/St ¼ 2.5p, 2.48p, 2.45p, 2.53p,
2.5p and 2.45p, respectively. Thus, Eq. (2) could be rewritten as

f ¼ 2:5pStL� þ 0:34p ðL�X4Þ ½Case 1�, (3a)

f ¼ 2:48pStL� þ 0:46p ðL�X3Þ ½Case 2�, (3b)

f ¼ 2:45pStL� þ 0:57p ðL�X3Þ ½Case 3�, (3c)

f ¼ 2:53pStL� þ 0:65p ðL�X4Þ ½Case 4�, (3d)

f ¼ 2:5pStL� þ 1:25p ðL�X2:5Þ ½Case 5�, (3e)

f ¼ 2:45pStL� þ 0:42p ðL�X3:5Þ ½Case 6�. (3f)

Note that (df=dL�)/St is almost constant, 2.48p, the maximum departure for individual cases being 2%. Therefore, a

general equation for f is proposed, viz.,

f ¼ 2:48pStL� þ C, (4)

where C is a constant which could be obtained from the boundary conditions. As established earlier, f ¼ 2p at L� ¼ L�c ;

hence, C ¼ 2p�2.48pStL�c , and Eq. (4) may be rewritten as

f ¼ 2:48pStðL� � L�c Þ þ 2p. (5)

Eq. (5) specifies the relationship between f, St and L�, and could be used to determine f and to estimate to a certain

extent C0L, provided that St and L�c are known.
4. Theoretical analysis

Presumably, vortex shedding from the downstream cylinder is triggered by vortices shed from the upstream cylinder.

Then, f should correspond to the time t required for a vortex to travel a distance L from the upstream cylinder to the

downstream one. Let UN represent the free-stream velocity, Vc the convective velocity of vortices, d the characteristic

height of the upstream bluff body, fs the frequency of vortex shedding and T ¼ 1/fs the period of vortex shedding. In

Fig. 5, let vortex A be displaced by an elemental length dx in time dt. The corresponding increase is dVc in Vc and df in

f. Then, we get

dx ¼
Vc þ ðVc þ dVcÞ

2
dt, (6)

where Vc+(Vc+dVc)/2 is the average velocity of vortex A in time dt.
L

d xx

Vc Vc+dVcA

Fig. 5. Schematic showing convection of vortices.
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Rearranging Eq. (6), we get

dt ¼ ½2=ð2Vc þ dVcÞ�dx. (7)

Also, we know

df ¼ ð2p=TÞdt ¼ 2pf s dt. (8)

From Eqs. (7) and (8), we get

df ¼ ½4pf s=ð2Vc þ dVcÞ�dx. (9)

Eq. (9) is a differential equation of f in terms of fs, x and Vc. Previous studies indicate that Vc is almost constant

between x*E3 and 15, regardless of Re and the bluff body shape, as is evident in Fig. 6 and Table 1.

Based on Fig. 6 and Table 1, we choose 0.82UN, as a reference Vc. Given constant Vc, dVc ¼ 0 and Eq. (9) reduces to

df ¼
2pf s

Vc

dx. (10)

Integrating Eq. (10), we obtain

f ¼
2pf sx

Vc

þ C1, (11a)

where the integrating constant C1 may be determined from a boundary condition. Replacing x by L, we obtain

f ¼
2pf sL

Vc

þ C1. (11b)
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Fig. 6. Vortex convective velocity Vc in a circular cylinder wake: (� ) Re ¼ 3.9� 104 (Tanaka and Murata, 1986); (W) Re ¼ 562

(Tyler, 1930); (&), Re ¼ 645 (Tyler, 1930); (X) Re ¼ 818 (Tyler, 1930); (J) Re ¼ 900 (Tyler, 1930); (+) Re ¼ 1.4� 105 (Cantwell

and Coles, 1983); (}) Re ¼ 5.6� 103 (Zhou and Antonia, 1992); and (m) Re ¼ 60–100 (Paranthoen et al., 1999).

Table 1

Convective velocity Vc of vortices in the wake of various body-shapes

Research Model Re Vc/UN

Fage and Johansen (1928) Flat plate, | Higher subcritical 0.77

Zdravkovich (1997, p. 375) Circular cylinder, K 0.80

Wedge, b 0.82

Ogival, 0.86

Extended ogival, 0.81
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At f ¼ 2p, we have L=d ¼ L�c . Then, we get C1 ¼ 2p� 2pf sL
�
c d=Vc and

f ¼ ð2pf sd=VcÞðL
� � L�c Þ þ 2p. (11c)

Substituting Vc ¼ 0.82UN in Eq. (11c) yields

f ¼ 2:44p
f sd

U1
ðL� � L�c Þ þ 2p ¼ 2:44pStðL� � L�c Þ þ 2p. (12)

Eq. (12) is almost the same as Eq. (5), except for a small deviation (1.6%) in the slope. The deviation could be

attributed to experimental uncertainly in measured f and Vc. The equation suggests that f is a function of St, L� and

L�c , and increases linearly with increasing L�. Furthermore, df=dL� is proportional to St. As St depends on the

upstream cylinder shape, df=dL� varies with the upstream cylinder shape.

It is worth commenting that Vc may vary appreciably for x*o3 [e.g., Cantwell and Coles (1983)], which raises the

question on the effect of varying Vc on f. As f is estimated for L�4L�c , this effect on f should be independent of L� for

L�4L�c , and is effectively incorporated in the determination of constant C1.
5. Conclusions

The phase lag f between vortex shedding from two tandem cylinders is connected to the forces on the cylinders. An

empirical relationship between f, St, L� and L�c is derived from experimental data available in the literature. A general

differential equation of f, df ¼ [4pfs/(2Vc+dVc)] dx, is developed theoretically, which yields f ¼ 2.44pSt(Lc � L�c )+

2p once applying the condition f ¼ 2p at Lc ¼ L�c . This result agrees well with the empirical relation.
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